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a b s t r a c t
Let G be a graph of order n and let P(G, x) = ∑nk=0(−1)kckxn−k be the characteristic
polynomial of its Laplacian matrix. Generalizing the approach in [D. Stevanović, A. Ilić, On
the Laplacian coefficients of unicyclic graphs, LinearAlgebra and its Applications 430 (2009)
2290–2300.] on graph transformations, we show that among all bicyclic graphs of order n,
the kth coefficient ck is smallest when the graph is Bn (obtained from C4 by adding one edge
connecting two non-adjacent vertices and adding n − 4 pendent vertices attached to the
vertex of degree 3).
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a simple undirected graph with n = |V | vertices andm = |E| edges. The Laplacian polynomial P(G, x)
of G is the characteristic polynomial of its Laplacian matrix L(G) = D(G)− A(G),
P(G, x) = det(xIn − L(G)) =
n−
k=0
(−1)kckxn−k.
The Laplacian coefficient ck can be expressed in terms of subtree structures of G by the following result of Kelmans
and Chelnokov [8]. Let F be a spanning forest of G with components Ti, i = 1, 2, . . . , k, having ni vertices each, and let
γ (F) =∏ki=1 ni.
Theorem 1.1 ([8]). The Laplacian coefficient cn−k of a graph G is given by
cn−k =
−
F∈Fk
γ (F)
where Fk is the set of all spanning forests of G with exactly k components.
FromViéte’s formulas, ck is a symmetric polynomial of order n−1. In particular, we have c0 = 1, cn = 0, c1 = 2m, cn−1 =
nτ(G), where τ(G) denotes the number of spanning trees ofG (see [10]). There are numerous results on Laplacian coefficients
of trees (see [3,11,12,7,16,6,5]). In [14], the authors characterize the graphs with the smallest and largest kth coefficient ck
among all unicyclic graphs of order n. Motivated by all these works, in the present paper, we are devoted to find the graph
with the smallest kth coefficient ck among all bicyclic graphs of order n.
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Fig. 1. The graph Bn .
Fig. 2. The graphs B(p, q) and B(p, ℓ, q).
Fig. 3. The graph B(Pk, Pℓ, Pm).
Bicyclic graphs are connected graphs in which the number of edges equals the number of vertices plus one. LetB(n) be
the set of all bicyclic graphs on n vertices. Let Bn be the graph obtained from C4 by adding one edge connecting two non-
adjacent vertices and adding n − 4 pendent vertices attached to the vertex of degree 3 (see Fig. 1). Our main result is the
following.
Theorem 1.2. For any G ∈ B(n) \ {Bn} and k = 0, 1, . . . , n, we have
ck(G) ≥ ck(Bn).
If Gˆ = B(P2, P2, P1) (The base of G obtained from C4 by adding one edge connecting two non-adjacent vertices), equality holds if
and only if k ∈ {0, 1, n− 1, n}. If Gˆ ≠ B(P2, P2, P1), equality holds if and only if k ∈ {0, 1, n}.
The paper is organized as follows: In the next section, we introduce the three classes of bicyclic graphs and the
σ -transformation in [14]. In Section 3, we generalize the result of [14] on σ -transformation and prove that Bn has minimum
Laplacian coefficients among all bicyclic graphs of order n. In Section 4, we prove that Bn hasminimum Laplacian-like energy
among bicyclic graphs.
2. Three classes of bicyclic graphs and some basic lemmas
It is easy to see from the definition that G is a bicyclic graph if and only if G can be obtained from a tree T (with the same
order) by adding two new edges to T .
Let G be a bicyclic graph. The base of G, denoted byG, is the (unique) minimal bicyclic subgraph of G. It is easy to see thatG is the unique bicyclic subgraph of G containing no pendent vertices, while G can be obtained fromG by attaching trees to
some vertices ofG.
It is well-known that there are the following three types of bicyclic graphs containing no pendent vertices:
Let B(p, q) be the bicyclic graph obtained from two vertex-disjoint cycles Cp and Cq by identifying vertices u of Cp and v
of Cq (see Fig. 2).
Let B(p, ℓ, q) be the bicyclic graph obtained from two vertex-disjoint cycles Cp and Cq by joining vertices u of Cp and v of
Cq by a new path uu1u2 · · · uℓ−1v with length ℓ (ℓ ≥ 1) (see Fig. 2).
Let B(Pk, Pℓ, Pm) (1 ≤ m ≤ min{k, ℓ}) be the bicyclic graph obtained from three pairwise internal disjoint paths from a
vertex x to a vertex y. These three paths are xv1v2 · · · vk−1ywith length k, xu1u2 · · · uℓ−1ywith length ℓ and xw1w2 · · ·wm−1y
with lengthm (see Fig. 3).
Now we can define the following three classes of bicyclic graphs of order n:
B1(n) = {G ∈ B(n) |G = B(p, q) for some p ≥ 3 and q ≥ 3},
B2(n) = {G ∈ B(n) |G = B(p, ℓ, q) for some p ≥ 3, q ≥ 3 and ℓ ≥ 1},
B3(n) = {G ∈ B(n) |G = B(Pk, Pℓ, Pm) for some 1 ≤ m ≤ min{k, ℓ}}.
It is easy to see that
B(n) = B1(n) ∪ B2(n) ∪ B3(n).
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Now we quote some basic definitions and lemmas which will be used in the proofs of our main results.
Definition 2.1 ([14]). Let w be a vertex of degree p + 1 in a graph G, which is not a star, such that wv1, wv2, . . . , wvp are
pendent edges incident with w and u is the neighbor of w distinct from v1, v2, . . . , vp. We form a graph G′ = σ(G, w) by
removing edgeswv1, wv2, . . . , wvp and adding new edges uv1, uv2, . . . , uvp. We say that G′ is σ -transform of G.
Lemma 2.1 ([14]). Let G′ = σ(G, w) be a σ -transform of a graph G. Then for every k = 0, 1, . . . , n
ck(G) ≥ ck(G′),
with equality if and only if k ∈ {0, 1, n− 1, n}.
3. Bn has minimum Laplacian coefficients
For v ∈ V (G),NG(v) denotes the set of all neighbors of vertex v in G, and the degree of v, written by dG(v), is the
cardinality of NG(v).
Definition 3.1. Let G be a connected graph of order n ≥ 3, e = uv be a non-pendent edge of G not in any triangle. Let
NG(v) \ {u} = {v1, . . . , vd}, d ≥ 1. Let
G′ = α(G, u, v) = G− vv1 − vv2 − · · · − vvd + uv1 + uv2 + · · · + uvd.
We say that G′ is an α-transformation of G.
This transformation obviously decreases the size of a cycle in G and preserves the size of G. It is easy to see that our
α-transformation is a generalization of σ -transformation in [14]. For any graph G, we use τ(G) to denote the number of
spanning trees of G.
Lemma 3.1. Let G be a connected graph, uv be a non-pendent edge of G not in any triangle, and G′ = α(G, u, v) be an
α-transformation of G. Then
τ(G) ≥ τ(G′)
with equality if and only if uv is a cut edge of G.
Proof. Denote the set of spanning trees of G and G′ by F and F ′, respectively. Let T ′ ∈ F ′,NG(v) ∩ NT ′(u) = {v1, . . . , vd′}.
Now we define T with V (T ) = V (G) and
E(T ) = E(T ′)− uv1 − · · · − uvd′ + vv1 + · · · + vvd′ .
Then T is a spanning tree of G.
Let f be amapping fromF ′ toF : T ′ −→ T . It is not difficult to see that f is injective. And thus τ(G) = |F | ≥ |F ′| = τ(G′).
If uv is a cut edge of G, then for any T ∈ F , uv ∈ E(T ), α(T , u, v) ∈ F ′ and satisfies f (α(T , u, v)) = T , so f is bijective,
which implies that τ(G) = τ(G′). If uv is not a cut edge of G, there must exist some spanning tree, say T1, of G which does
not contain the edge uv. For any T ′ ∈ F ′, f (T ′) ≠ T1 since uv ∈ E(f (T ′)) but uv ∉ E(T1), so f is not surjective, and thus
τ(G) > τ(G′). 
Theorem 3.1. Let G be a connected graph, uv be a non-pendent edge of G not in any triangle. Then for the α-transformation
graph G′ = α(G, u, v) and 0 ≤ k ≤ n holds
ck(G) ≥ ck(G′).
If uv is a cut edge, then equality holds if and only if k ∈ {0, 1, n−1, n}. Otherwise, then equality holds if and only if k ∈ {0, 1, n}.
Proof. It is obvious to see that c0(G) = c0(G′) = 1, c1(G) = 2|E(G)| = 2|E(G′)| = c1(G′), cn(G) = cn(G′) = 0.
For k = n− 1, by Lemma 3.1, cn−1(G) = nτ(G) ≥ nτ(G′) = cn−1(G′), with equality if and only if uv is a cut edge of G.
Now we will show cn−k(G) > cn−k(G′) for any 2 ≤ k ≤ n− 2. In short, we use Fk,F ′k to denote the sets of all spanning
forests of G and G′ with exactly k components, respectively.
We consider an arbitrary spanning forest F ′ ∈ F ′k .
Let T ′ be the component of F ′ containing u. LetNG(v)∩NT ′(u) = {v1, . . . , vr}, where 0 ≤ r ≤ min{|V (T ′)|−1, dG(v)−1}.
We define F with V (F) = V (G) and
E(F) = E(F ′)− uv1 − · · · − uvr + vv1 + · · · + vvr .
Let f : F ′k → Fk, and F ∗k = f (F ′k ) = {f (F ′)|F ′ ∈ F ′k }. Now we distinguish F ′ as the following two cases.
Case 1. uv ∈ E(F ′).
That is to say, uv ∈ E(T ′), then F ∈ Fk, we have trees of equal sizes in both spanning forests (F and F ′), and thus
γ (F) = γ (F ′).
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Fig. 4. The graphs B1(a, b; c, d) and B2(a, b, c, d; e).
Case 2. uv ∉ E(F ′).
Note the fact that uv is a pendent edge of G′, if uv ∉ E(F ′), v must be an isolated vertex of F ′. It is not difficult to see that
F is a spanning forest of G, and the number of components of F is k−1 or k. We claim that F ∈ Fk. Otherwise, u, v belong to
one tree of F , then there exists a path P (not an edge) joining some vi to u in F , then uPviu is a cycle of F ′, which contradicts
the fact that F ′ is a forest. Assume the orders of the components of F ′ different from T ′ and {v} are n1, n2, . . . , nk−2. By simple
calculation, we have
γ (F)− γ (F ′) = [(|V (T ′)| − r ′)(r ′ + 1)− |V (T ′)| · 1]
k−2∏
i=1
ni
= r ′(|V (T ′)| − r ′ − 1)
k−2∏
i=1
ni
where r ′ + 1 is the order of the component of F which contains v. Then γ (F) − γ (F ′) ≥ 0 follows from |V (T ′)| ≥ r ′ + 1,
and r ′ ≥ 0. If |V (T ′)| > r ′ + 1 and r ′ ≥ 1, then γ (F)− γ (F ′) > 0.
Therefore, we have
cn−k(G′) =
−
F ′∈F ′k
γ (F ′) <
−
F∈F ∗k
γ (F) ≤
−
F∈Fk
γ (F) = cn−k(G).
The desired inequality follows immediately. 
For convenience, we write B(P2, P2, P1) as B1, and let V (B1) = {u, v, w, z}, where d(u) = d(v) = 3, d(w) = d(z) = 2.
We define B1(a, b; c, d) as the graph obtained from B1 by adding a, b, c, d pendent vertices to u, v, w and z, respectively
(see Fig. 4).
Lemma 3.2. Let B1(a, b; c, d) be the graph defined as above, where a+ b+ c + d = n− 4. If we move all pendent edges from
vertexw to vertex u, we will get graph B1(a+ c, b; 0, d). If c ≠ 0, then for any k = 0, 1, . . . , n, we have inequality:
ck(B1(a, b; c, d)) ≥ ck(B1(a+ c, b; 0, d))
with equality if and only if k ∈ {0, 1, n− 1, n}.
Proof. We let G = B1(a, b; c, d) and G′ = B1(a + c, b; 0, d). Equalities hold for coefficients c0, c1, cn−1 and cn. Now we
consider coefficient cn−k (2 ≤ k ≤ n− 2).
We use Fk,F ′k to denote the set of all spanning forests of G and G′ with exactly k components, respectively. Let
Fk = F 1k ∪ F 2k ∪ F 3k ∪ F 4k ,
whereF ik (i = 1, 2, 3, 4) is the set of spanning forests inwhich u, v, w, z belong to exactly i different components. Similarly,
we can defineF ′ ik (i = 1, 2, 3, 4). We use x, y, r, s to denote the numbers of pendent neighbors of u, v, w and z (in G) which
are isolated vertices in F , respectively. Write A = a+ 1− x, B = b+ 1− y, C = c + 1− r and D = d+ 1− s. Without loss
of generality, we assume the pendent neighbors ofw in F byw1, . . . , wc−r . For G′, we define F ′ with V (F ′) = V (G′) and
E(F ′) = E(F)− ww1 − · · · − wwc−r + uw1 + · · · + uwc−r
then F ′ ∈ F ′k . Clearly, F ′ ∈ F ′ik ⇐⇒ F ∈ F ik , (i = 1, 2, 3, 4).
If we include u, w in a tree of F , then we have trees of equal sizes in both spanning forests (F and F ′), and thus
γ (F) = γ (F ′) in these cases. Now we can assume that u, w belong to two trees of F .
We distinguish the proof into the following three cases:
Case 1. F ∈ F 2k .
In this case E(F) ∩ E(B1) is either 2P2 or P3.
If E(F) ∩ E(B1) is 2P2, it suffices to consider E(F) ∩ E(B1) = {uz, vw}. Then
γ (F)− γ (F ′) = (A+ D)(B+ C)− (A+ D+ C − 1)(B+ 1)
= (A+ D− B− 1)(C − 1).
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If E(F) ∩ E(B1) is P3, there are two different subcases.
Subcase 1.1 E(F) ∩ E(B1) = {uz, zv} (or {uz, uv} or {vz, uv}).
γ (F)− γ (F ′) = (A+ B+ D)C − (A+ D+ C + B− 1) · 1 = (A+ B+ D− 1)(C − 1).
Subcase 1.2 E(F) ∩ E(B1) = {wv, zv}
γ (F)− γ (F ′) = A(B+ C + D)− (A+ C − 1)(B+ D+ 1) = (C − 1)(A− B− D− 1)
then−
F∈F 2k
γ (F)−
−
F ′∈F ′k 2
γ (F ′) =
−
F∈F 2k
(5A+ B+ 3D− 5)(C − 1).
Case 2. F ∈ F 3k .
There are four different subcases.
Subcase 2.1 E(F) ∩ E(B1) = {uv}
γ (F)− γ (F ′) = (A+ B)CD− (A+ C − 1+ B)D · 1 = (A+ B− 1)(C − 1)D.
Subcase 2.2 E(F) ∩ E(B1) = {uz}
γ (F)− γ (F ′) = (A+ D)BC − (A+ D+ C − 1)B · 1 = (A+ D− 1)(C − 1)B.
Subcase 2.3 E(F) ∩ E(B1) = {wv}
γ (F)− γ (F ′) = A(B+ C)D− (A+ C − 1)(B+ 1)D = (A− B− 1)(C − 1)D.
Subcase 2.4 E(F) ∩ E(B1) = {zv}
γ (F)− γ (F ′) = A(B+ D)C − (A+ C − 1)(B+ D) · 1 = (A− 1)(C − 1)(B+ D).
After summing we have−
F∈F 3k
γ (F)−
−
F ′∈F ′k 3
γ (F ′) =
−
F∈F 3k
[(A− 1)(2B+ 3D)+ BD](C − 1).
Case 3. F ∈ F 4k .
γ (F)− γ (F ′) = ABCD− (A+ C − 1)BD · 1 = (A− 1)(C − 1)BD
so −
F∈F 4k
γ (F)−
−
F ′∈F ′k 4
γ (F ′) =
−
F∈F 4k
(A− 1)(C − 1)BD.
Combining the above three cases and the fact that−
F∈F 1k
γ (F)−
−
F ′∈F ′k 1
γ (F ′) = 0
we can get
cn−k(G)− cn−k(G′) =
−
F∈Fk
γ (F)−
−
F ′∈F ′k
γ (F ′) =
4−
i=1
−
F∈F ik
γ (F)−
−
F ′∈F ′k i
γ (F ′)
 > 0.
Hence ck(B1(a, b; c, d)) > ck(B1(a+ c, b; 0, d)) as desired. 
Lemma 3.3. Let B1(a, n − 4 − a; 0, 0)(a ≠ n − 4) be the graph defined as Lemma 3.2, then for k = 0, 1, . . . , n we have
inequality:
ck(B1(a, n− 4− a; 0, 0)) ≥ ck(Bn),
with equality if and only if k ∈ {0, 1, n− 1, n}.
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Proof. We let G = B1(a, n − 4 − a; 0, 0) and G′ = Bn. Equalities hold for coefficients c0, c1, cn−1 and cn. Now we consider
coefficient cn−k and spanning forest F of Gwith exactly k (2 ≤ k ≤ n− 2) components.
We use Fk,F ′k to denote the set of all spanning forests of G and G′ with exactly k components, respectively. Let
Fk = F 1k ∪ F 2k ∪ F 3k ∪ F 4k ,
whereF ik (i = 1, 2, 3, 4) denote the spanning forests in which u, v, w, z belong to exactly i different components. Similarly,
we can defineF ′k
i
(i = 1, 2, 3, 4). We use x, y to denote the numbers of pendent vertices of u and v (in G) which are isolated
vertices in F , respectively. Let A = a+ 1− x, B = b+ 1− y. Without loss of generality, we denote the pendent neighbors
of v in F by v1, . . . , vb−y. And define
E(F ′) = E(F)− vv1 − · · · − vvb−y + uv1 + · · · + uvb−y
then F ′ ∈ F ′k . Clearly, F ′ ∈ F ′ik ⇐⇒ F ∈ F ik , (i = 1, 2, 3, 4).
If we include u, v in a tree of F , thenwehave trees of equal sizes in both spanning forests (F and F ′), and thus γ (F) = γ (F ′)
in these cases.
Case 1. F ∈ F 2k .
Then E(F) ∩ E(B1) is either 2P2 or P3.
Subcase 1.1 E(F) ∩ E(B1) = {uw, zv} or {uz, wv}
γ (F)− γ (F ′) = (A+ 1)(B+ 1)− 2(A+ B) = (A− 1)(B− 1).
Subcase 1.2 E(F) ∩ E(B1) = {zu, uw}
γ (F)− γ (F ′) = (A+ 2)B− (A+ B+ 1) = (A+ 1)(B− 1).
Subcase 1.3 E(F) ∩ E(B1) = {vw, vz}
γ (F)− γ (F ′) = A(B+ 2)− 3(A+ B− 1) = (A− 3)(B− 1).
Hence−
F∈F 2k
γ (F)−
−
F ′∈F ′k 2
γ (F ′) =
−
F∈F 2k
4(A− 1)(B− 1).
Case 2. F ∈ F 3k .
Subcase 2.1 E(F) ∩ E(B1) = {uw} or {uz}
γ (F)− γ (F ′) = (A+ 1)B− (A+ B) = A(B− 1).
Subcase 2.2 E(F) ∩ E(B1) = {zv} or {vw}
γ (F)− γ (F ′) = A(B+ 1)− 2(A+ B− 1) = (A− 2)(B− 1).
After summing we have−
F∈F 3k
γ (F)−
−
F ′∈F ′k 3
γ (F ′) =
−
F∈F 3k
4(A− 1)(B− 1).
Case 3. F ∈ F 4k .
γ (F)− γ (F ′) = AB− (A+ B− 1) = (A− 1)(B− 1)
then −
F∈F 4k
γ (F)−
−
F ′∈F ′k 4
γ (F ′) =
−
F∈F 4k
(A− 1)(B− 1).
Combining the above three cases and the fact that−
F∈F 1k
γ (F)−
−
F ′∈F ′k 1
γ (F ′) = 0
we can get
cn−k(G)− cn−k(G′) =
−
F∈Fk
γ (F)−
−
F ′∈F ′k
γ (F ′) =
4−
i=1
−
F∈F ik
γ (F)−
−
F ′∈F ′k i
γ (F ′)
 > 0.
And thus ck(B1(a, n− 4− a; 0, 0)) > ck(Bn). 
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For convenience, we write B(3, 3) as B2, and let V (B2) = {u, v, w, z, x}, where d(u) = d(v) = d(w) = d(z) =
2, d(x) = 4. We define B2(a, b, c, d; e) as the graph obtained from B2 by adding a, b, c, d, e pendent vertices to u, v, w, z
and x, respectively (see Fig. 4). Especially, we let B′n = B2(0, 0, 0, 0; n− 5). Similar to the proof of Lemma 3.2, we have the
following lemma:
Lemma 3.4. If e ≠ n− 5, then for k = 0, 1, . . . , n we have inequality: ck(B2(a, b, c, d; e)) ≥ ck(B′n), with equality if and only
if k ∈ {0, 1, n− 1, n}.
The proof is left to the reader.
Lemma 3.5. ck(B′n) ≥ ck(Bn), for any k = 0, 1, . . . , n, and equality holds if and only if k ∈ {0, 1, n}.
Proof. The Laplacian characteristic polynomials of the graphs Bn and B′n (which will be calculated in the Appendix) are
P(Bn) = x(x− 1)n−4(x− 2)(x− 4)(x− n)
P(B′n) = x(x− 1)n−4(x− 3)2(x− n).
Then
P(B′n)− P(Bn) = x(x− 1)n−4(x− n)
= x
n−4
i=0

n− 4
i

xn−4−i(−1)i(x− n)
=
n−4
i=0
(−1)i

n− 4
i

xn−2−i + n
n−4
i=0
(−1)i+1

n− 4
i

xn−3−i
=
n−4
i=0
(−1)i

n− 4
i

xn−2−i + n
n−3
i=1
(−1)i

n− 4
i− 1

xn−2−i
= xn−2 +
n−4
i=1
(−1)i
[
n− 4
i

+ n

n− 4
i− 1
]
xn−2−i + n(−1)n−1x
= n(−1)n−1x+ xn−2 +
n−2
k=3
(−1)k
[
n− 4
k− 2

+ n

n− 4
k− 3
]
xn−k.
And thus ck(B′n) − ck(Bn) =

n−4
k−2

+ n

n−4
k−3

> 0 for 3 ≤ k ≤ n − 2, c2(B′n) − c2(Bn) = 1 and cn−1(B′n) − cn−1(Bn) = n.
Combining these three aspects, ck(B′n) > ck(Bn) for 2 ≤ k ≤ n− 1, ck(B′n) = ck(Bn) for k ∈ {0, 1, n}. 
Theorem 3.2. For any G ∈ B(n) \ {Bn} and k = 0, 1, . . . , n, we have
ck(G) ≥ ck(Bn).
If Gˆ = B(P2, P2, P1), equality holds if and only if k ∈ {0, 1, n − 1, n}. If Gˆ ≠ B(P2, P2, P1), equality holds if and only if
k ∈ {0, 1, n}.
Proof. For any G ∈ B(n), by Theorem 3.1, there exists G′ ∈ B(n)which satisfies that:
(1) Gˆ′ = Gˆ
(2) the vertices in V (G′) \ V (Gˆ′) are all pendent vertices
(3) ck(G) ≥ ck(G′).
Now we distinguish the following two cases.
Case 1. G ∈ B3(n) \ {Bn}.
By Theorem 3.1, there exist some G1 = B1(a, b; c, n− 4− a− b− c) such that ck(G′) ≥ ck(G1). By Lemmas 3.2 and 3.3,
ck(G1) ≥ ck(Bn), which implies that ck(G) ≥ ck(Bn). If Gˆ = B(P2, P2, P1), then equality if and only if k ∈ {0, 1, n − 1, n}. If
Gˆ ≠ B(P2, P2, P1), then equality if and only if k ∈ {0, 1, n}.
Case 2. G ∈ B1(n) ∪B2(n).
By Theorem 3.1, there exist some G2 = B2(a, b, c, d; n − 5 − a − b − c − d) such that ck(G′) ≥ ck(G2). By Lemma 3.4
ck(G2) ≥ ck(B′n), and ck(B′n) ≥ ck(Bn) follows from Lemma 3.5. And thus ck(G) ≥ ck(Bn), equality holds if and only if
k ∈ {0, 1, n}. 
Remark 1. The above theorem gives the graphwith theminimumLaplacian coefficients among all bicyclic graphs. A natural
question is which graph has the maximum Laplacian coefficients. By the π-transformation in [14], we know that it must be
a bicyclic graph obtained from B(p, q), B(p, ℓ, q) or B(Pk, Pℓ, Pm) by adding one pendent path (the length may be 0) at each
vertex. Finding the maximum Laplacian coefficient bicyclic graph(s) is not a easy task.
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4. Laplacian-like energy of bicyclic graphs
Let G be a graph. The Laplacian matrix L(G) has non-negative eigenvalues µ1(G) ≥ µ2(G) ≥ · · · ≥ µn(G) = 0. The
Laplacian-like energy of graph G, LEL for short, is defined as follows:
LEL(G) =
n−1
k=1

µk(G).
This concept was introduced in [9], where it was shown that it has similar features to molecular graph energy, defined
by Gutman [1] (for a recent survey on molecular graph energy see [2]). In [15] it was shown that LEL describes well the
properties which are accounted for by the majority of molecular descriptors. In a set of polycyclic aromatic hydrocarbons,
LEL was proved to be as good as the Randić index and better than the Wiener index.
Stevanović in [13] proved a connection between LEL and Laplacian coefficients.
Theorem 4.1. Let G and H be two n-vertex graphs. If ck(G) ≤ ck(H) for k = 1, 2, . . . , n − 1, then LEL(G) ≤ LEL(H).
Furthermore, if a strict inequality ck(G) < ck(H) holds for some 1 ≤ k ≤ n− 1, then LEL(G) < LEL(H).
Using this result, we can conclude the following:
Corollary 4.1. Let G be a connected bicyclic graph on n vertices. Then LEL(Bn) < LEL(G) if G ≁= Bn.
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Appendix. The Laplacian characteristic polynomials of the graphs Bn and B′n
Lemma ([4]). Let G be a connected graph with n vertices which consists of a subgraph H (with at least two vertices) and n− |H|
distinct pendent edges (not in H) attached to a vertex v in H. Then
Φ(G) = (x− 1)n−|H|Φ(H)− (n− |H|)x(x− 1)n−|H|−1Φ(Lv(H)).
Lv(H) denotes the principal submatrix of L(H) obtained by deleting the row and column corresponding to the vertex v.
The calculation of P(Bn) and P(B′n) in Lemma 3.5:
P(Bn) = (x− 1)n−4P(B(P2, P2, P1))− (n− 4)x(x− 1)n−5P(Lv(B(P2, P2, P1)))
= (x− 1)n−4

x− 3 1 1 1
1 x− 2 0 1
1 0 x− 2 1
1 1 1 x− 3
− (n− 4)x(x− 1)n−5
x− 2 0 10 x− 2 11 1 x− 3

= x(x− 1)n−4(x− 2)(x− 4)2 − (n− 4)x(x− 1)n−4(x− 2)(x− 4)
= x(x− 1)n−4(x− 2)(x− 4)(x− n)
P(B′n) = (x− 1)n−5P(B(3, 3))− (n− 5)x(x− 1)n−6P(Lv(B(3, 3)))
= (x− 1)n−5

x− 4 1 1 1 1
1 x− 2 1 0 0
1 1 x− 2 0 0
1 0 0 x− 2 1
1 0 0 1 x− 2
− (n− 5)x(x− 1)
n−6

x− 2 1 0 0
1 x− 2 0 0
0 0 x− 2 1
0 0 1 x− 2

= x(x− 1)n−4(x− 3)2(x− 5)− (n− 5)x(x− 1)n−4(x− 3)2
= x(x− 1)n−4(x− 3)2(x− n).
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